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Abstract
In this letter, applying a series of coordinate transformations, we obtain a new class of solutions of the
Korteweg–de Vries–Burgers equation, which arises in the theory of ferroelectricity.
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It is well-known that the Korteweg–de Vries–Burgers equation arises in many different physical
contexts as a model equation incorporating the effects of dispersion, dissipation and nonlinearity. Typical
examples are provided by the propagation of waves on an elastic tube filled with a viscous fluid [1], the
flow of liquids containing gas bubbles [2] and turbulence [3]. Recently, Zayko et al. investigated the
Korteweg–de Vries–Burgers equation, which arises from ferroelectricity [4,5]:

P (1)τ + AP (1)P (1)ξ + D P (1)ξξ + B P (1)3ξ = 0,
A = 2α
K ′(u)
, D = u
K ′(u)
, B = − u
2
K ′(u)
,
K ′(u) = dK (u)
du
,
K (u) = ω
2
pu
2
c2 − u2 − ω
2
0 − 2αP0 = 0,
(1)
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where P (1) is the first term of the series expansion of the polarization P with respect to small attenuation
coefficient δ; ξ = δ(z − ut) and τ = δ3t are the scaled coordinate and time (both z and t are
real), respectively; K (u) = 0 is the dispersive equation for wave velocity u in the long-wave limit;
P0  −ω20/α is the equilibrium value of P ; ωp and ω0 are the characteristic frequencies of the problem,
which corresponds to the optical and the acoustic branches of the spectrum; c is the velocity of light in
the system; α is a coefficient determined by the nonlinear properties of the system.
As shown in [6], to find 2π -periodic traveling wave solutions p = P (1)(ξ − cτ ), one can convert
Eq. (1) to Hammerstein’s integral equation
p(θ) = −
∫ 2π
0
G(θ, λ)[(Av − 1)p(λ) − 0.5Ap2(λ)]dλ, (2)
where
G(θ, λ) = 1
2π
+ 1
π
∞∑
n=1
cos n(θ − λ)
n2 + 1
is the 2π -periodic Green function for the equation pθθ − p = −δ(θ − λ) and θ = ξ−vt√AB . It has been
shown that nontrivial solutions of (2) occur at bifurcation points, defined by the equation Av = −n2,
where the nth harmonic of the solution grows abruptly [7]. The sequence of bifurcation points is infinite
and approaches Tc as n → ∞; here Tc is the Curie temperature. These bifurcation points can be
determined by the set of two equations K (u) = 0 and K ′(u) = 0. Zayko and Nefedov [4] considered
the behavior of the system beyond the point of phase transition T > Tc. They noticed that close to the
Curie point, u  c and K (u)  ω20 +ω2pu2/c2. The equation K (u) = 0 has pure imaginary solutions as
u = ±icω0/ωp = ±iui when T > Tc and
ω20 =
ω2p
2π
· T − Tc
χ
,
where χ is the Curie–Weiss constant [8]. Thus, the quantity K ′(u) = ±2iωpω0/c becomes imaginary
too. Furthermore, the coordinate ξ = δ(z − ut) contains an imaginary contribution when T > Tc. To
remove the corresponding imaginary part, the authors used the following new coordinates
τ ′ = τ, ξ ′ = ξ + iuiτ/δ2, ui = cω0/ωp,
then Eq. (1) reduces to
Uη − iUUη − iµUηη − rU3η = 0, (3)
where
η = ξ
′ − V τ
c
, U = −δ
2ωp
cω0
[
V + i αc
ω0ωp
P (1)
]
,
r = δ
2
2ω2p
, µ = δ
2
2ω0ωp
.
(4)
Integrating (3) once and taking the integration constant to be d , then yields
Uηη + iµ
r
Uη + i2r U
2 − 1
r
U − d = 0. (5)
Z. Feng / Applied Mathematics Letters 18 (2005) 733–737 735
It was claimed in [4] that in the general case Eq. (3) has no analytical solution, thus a stationary points
analysis for (3) was utilized in order to avoid seeking it. Meanwhile, [4] concluded that the new unknown
class of solutions of Eq. (1) demonstrates chaotic behavior according to its numerical results.
The aim of this letter is to show that under some parameter conditions, the exact solution to Eq. (1)
with imaginary coefficients can indeed be derived by making a series of variable transformations. Note
that if all coefficients of (1) are real, quite a few effective methods for finding exact solutions have
been proposed such as the analytic method [9], the method of undetermined coefficients [10], a series
method [11,12], the homogeneous balance method [13], the extended tanh-function method [14], the first
integral method [15] etc. For other theoretical and experimental issues concerning the KdVB equation,
we would like to refer the reader to one of our recent works [16] and the references cited there. However,
so far, to our best knowledge, it does not seem that the explicit exact solution to (1) with imaginary
coefficients has been published previously.
We would like to begin our study by making the coordinate transformation
U(η) = −i2rY (η) − i − ir
√
1
r2
+ 2di
r
.
Substituting this into (5) gives
Y ′′(η) + iµ
r
Y ′(η) + Y 2(η) +
√
1
r2
+ 2di
r
Y (η) = 0. (6)
Then, we make the natural logarithm transformation as follows
η = ir
µ
ln x .
Eq. (6) becomes
−µ
2
r2
x2
d2Y
dx2
+ Y 2 +
√
1
r2
+ 2di
r
Y = 0. (7)
Taking the variable transformation
q = xk, Y = x− 12 (k−1) · H(q),
Eq. (7) can be written as
d2 H
dq2
= r
2
µ2k2
q
1−5k
2k H 2, (8)
where k =
√
1 + 4r2
√
(1/r2)+(2di/r)
µ2
.
To simplify the coefficient on the right hand side of (8) to be 1, we assume that
φ = q, H = µ
2k2
r2
ρ,
then Eq. (8) reduces to
d2ρ
dφ2
= φ 1−5k2k ρ2. (9)
Therefore, from Eq. (9) we can derive the following results of Eq. (1) immediately:
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Case 1. When d = −i 36µ4−625r21250r3 , i.e., k = 15 , Eq. (5) has an exact solution
U(η) = −2iµ
2
25r
· e− 2ir5µ η · ρ(e− ir5µη + c1) − i + 6iµ
2
25r
.
Changing to the original variables, we obtain an exact solution to Eq. (1)
P (1) = 2µ
2ω20
25rαδ2
· e− 2ir5µ ( ξc +
iui τ
δ2c
− V τc ) · ρ[e− ir5µ ( ξc +
iui τ
δ2c
− V τc ) + c2]
+ ω
2
0
αδ2
− 6µ
2ω20
25rαδ2
+ iV ω0ωp
αc
, (10)
where c2 is arbitrary integration constant, ui = cω0ωp , V , r , µ are the same as (4), and ρ(φ, g2, g3) is the
Weierstrass elliptic function with invariants g2 and g3 [17,18] satisfying
d2ρ
dφ2
= ρ2. (11)
Since ρ(φ) = 6(φ + C0)−2 is a particular solution of Eq. (11), apparently we can obtain a particular
solution to Eq. (1) from (10) directly
P (1) = 12µ
2ω20
25rαδ2
· e
− 2ir5µ ( ξc + iui τδ2c − V τc )
[e− ir5µ ( ξc +
iui τ
δ2c
− V τc ) + c3]2
+ ω
2
0
αδ2
− 6µ
2ω20
25rαδ2
+ iV ω0ωp
αc
, (12)
where c3 is an arbitrary complex constant.
Case 2. In general, Eq. (9) also has a nontrivial solution in the polynomial form
ρ(φ) =
(
1
4k2
− 1
4
)
φ
1
2 − 12k .
Reverting to Eq. (5), one can see that this solution corresponds to the trivial solution of (5), i.e., the
constant solution.
It is notable that formula (10) is a new exact solution to Eq. (1), which is not found in the previous
literature. It is easy to see that (12) has the same form as formula (17) in [15], and (10) has the same form
as formula (8) in [16]. Notice that formula (10) involves elliptic functions. There are many textbooks
introducing and describing the elliptic functions in detail such as Refs. [17,18] etc. We refer the reader
to one of those textbooks or any handbook of mathematics to get more information about them.
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